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Abstract
In this paper, a frame is introduced on tangent bundle of a Finsler
manifold in a manner that it makes some simplicity to study the prop-
erties of the natural foliations in tangent bundle. Moreover, we show
that the indicatrix bundle of a Finsler manifold with lifted sasaki met-
ric and natural almost complex structure on tangent bundle cannot be
a sasakian manifold.
Keywords: Foliation, indicatrix bundle, Sasakian manifold.
1 Introduction
First time Sasaki [9], construct a natural Riemannian metric G on the tan-
gent bundle TM of the Riemannian manifold (M,g). Then G was called
the Sasaki metric on TM and it was the main tool in studying interrelations
between the geometries of (M,g) and (TM,G). Later, this idea was used
to construct a Riemannian metric on tangent bundle of a Finsler manifold.
The geometric objects that occur in Finsler geometry depend on both point
and direction, therefore, the tangent bundle of a Finsler manifold plays a
major role in the study of Finslerian objects. To emphasize this, there are
several studies of interrelations between the geometry of foliations on the
tangent bundle of a Finsler manifold and the geometry of the Finsler mani-
fold itself [3, 5]. Among the natural foliations of tangent bundle on a Finsler
manifold, indicatrix bundle and Liouville vector fields play more important
roles.
Let (M,F ) be a n-dimensional Finsler manifold and TM its tangent
bundle with sasaki lifted metric G. In this paper to study the geometry of
some foliations of TM which they were presented in [5], a new local frame
of vector fields in TTM is considered. There are some difficulties of working
with natural foliations of tangent bundle of a Finsler manifold with respect
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to the natural basis ∂/∂yi and δ/δxj . For example, there is no explicit
decomposition of tangent vector fields of indicatrix bundle by vector fields
∂/∂yi and δ/δxj . In Sections 3,4 and 5, there are some theorems and results
that show the advantages of using the novel frame on tangent bundle of a
Finsler manifold in some cases.
Aiming at our purpose, this paper is organized in the following way. In
section 2, a short review of Finsler manifolds [1, 2] is done and the notations
which is needed in the followings are presented. In Section 3, a frame of
local vector fields in ΓTTM is introduced to study the indicatrix bundle and
other natural foliations of tangent bundle of a Finsler manifold. Moreover,
local components of Levi-Civita connection of sasaki metric G on TM are
calculated in this basis. In [5], six natural foliations of tangent bundle
of a Finsler manifold is introduced and some properties of them such as
totally geodesic and bundle-like with respect to metric G are studied. In
Section 4, by using the new frame introduced in Section 3 some more theorem
about these foliations are proved. Finally in Section 5, it is proved that the
indicatrix bundle with its contact structure given in [3] cannot be a Sasakian
manifold [6]. Therefore, we should not have any expectation of properties
of Sasakian manifolds in Riemannian geometry on indicatrix bundle as a
Riemannian submanifold of TM with restricted metric G¯ of sasaki metric
G.
2 Preliminaries and Notations
Let (M,F ) be an n-dimensional smooth Finsler manifold and TM be its tan-
gent bundle. If (xi) be the local coordinate on M then the local coordinate
on TM is shown by (xi, yi) where (yi) are the fibre coordinate. With respect
to local coordinate system induced on TM , the natural local frame fields
on TM are given by ∂
∂yi
and ∂
∂xi
. The vertical distribution V TM is locally
spanned by { ∂
∂y1
, . . . , ∂
∂yn
}. Considering the fundamental function F , then
the horizontal distribution HTM as a complementary distribution of V TM
is naturally defined as follows. The spray coefficients Gi of fundamental
function F are given by:
Gi :=
gij
4
(
∂2F 2
∂yj∂xk
yk −
∂F 2
∂xj
)
where (gij) is the inverse matrix of Hessian matrix F given as follows:
g := (gij) =
(
1
2
∂2F 2
∂yi∂yj
)
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Moreover, the nonlinear connection coefficients Gji of F are defined by:
Gji =
∂Gj
∂yi
.
The horizontal distribution HTM with respect to these nonlinear connec-
tions is given by:
HTM =<
δ
δx1
, . . . ,
δ
δxn
>
where δ
δxi
= ∂
∂xi
−Gji
∂
∂yj
. The lie brackets of these bases are given as follows:
[
δ
δxi
,
δ
δxj
] = Rkij
∂
∂yk
, [
δ
δxi
,
∂
∂yj
] = Gkij
∂
∂yk
where Rkij =
δGki
δxj
−
δGkj
δxi
and Gkij =
∂Gki
∂yj
. The dual local 1-forms of δ
δxi
and ∂
∂yi
are denoted by dxi and δyi, respectively, where δyi := dyi+Gijdx
j .
Then, the lifted sasaki metric G on TM in these local frames is given as
follows:
G := gijdx
i ⊗ dxj + gijδy
i ⊗ δyj
which it is a Riemannian metric on TM . The natural almost complex struc-
ture on TTM which is compatible with metric G is defined by:
J :=
δ
δxi
⊗ δyi −
∂
∂yi
⊗ dxi (1)
The indicatrix bundle IM of Finsler manifold (M,F ) is defined by:
IM := {(x, y) ∈ TM |F (x, y) = 1}
It is proved in [3] that IM with (ϕ, η, ξ, G¯) is a contact metric manifold,
where 

η := yigijdx
j , ξ := yi δ
δxi
ϕ := J |D, ϕ(ξ) := 0
D := {X ∈ TTM |η(X) = η(JX) = 0}
(2)
and G¯ is restriction of sasaki metric G to indicatrix bundle. Distribution D
defined in (2) is called contact distribution of indicatrix bundle.
In addition, throughout the paper the Einstein convention, that is, re-
peated indices with one upper index and one lower index denote summation
over their range is used. The indices i, j, k, ... are used for range 1, . . . , n if
not stated otherwise.
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3 A Frame on Indicatrix Bundle of a Finsler Man-
ifold
Supposed (M,F ) be an n-dimensional Finsler manifold. In Riemannian
manifold (TM,G), the orthogonal distribution to vertical Liouville vector
field L = yi ∂
∂yi
in vertical distribution V TM is denoted by V ′TM . By
definition of V ′TM , it is easy to see that V ′TM is a foliation in TTM .
Therefore, there is the local chart (U,ϕ) on TM such that
TTM |U =<
∂¯
∂¯y1
, ...,
∂¯
∂¯yn−1
, e1, ..., en+1 >
where
V ′TM |U =<
∂¯
∂¯y1
, ...,
∂¯
∂¯yn−1
> (3)
It is obvious that ∂¯
∂¯ya
for all a = 1, ..., n−1 are vector fields in V TM and they
can be written as a linear combination of the natural basis { ∂
∂y1
, ..., ∂
∂yn
} of
V TM as follows:
∂¯
∂¯ya
= Eia
∂
∂yi
∀a = 1, ..., n − 1
where Eia is the (n− 1)× n matrix of maximum rank. The first property of
this matrix is Eiagijy
j = 0 achieved by the feature G( ∂¯
∂¯ya
, L) = 0. Moreover,
on U the vertical distribution V TM is locally spanned by:
{
∂¯
∂¯y1
, ...,
∂¯
∂¯yn−1
, L}
Then, by using the natural almost complex structure J presented in (1), the
new local basis in TTM is introduced as follows:
TTM |U =<
δ¯
δ¯xa
, ξ,
∂¯
∂¯ya
, L > (4)
where δ¯
δ¯xa
:= J ∂¯
∂¯ya
. By considering the vector frame (4) on TTM it is possi-
ble to locally decomposed every sections of contact distribution D or every
tangent vector field of IM to basic vector fields δ¯
δ¯xa
, ∂¯
∂¯ya
and ξ. Equivalently,
it means that:
TIM |U =<
δ¯
δ¯xa
, ξ,
∂¯
∂¯ya
> , D|U =<
δ¯
δ¯xa
,
∂¯
∂¯ya
> .
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The Sasakian metric G on TM can be shown in the new frame field (4) as
follows:
G :=


gab 0 0 0
0 F 2 0 0
0 0 gab 0
0 0 0 F 2

 (5)
where a, b ∈ {1, ..., n − 1} and gab = G(
δ¯
δ¯xa
, δ¯
δ¯xb
) = G( ∂¯
∂¯ya
, ∂¯
∂¯yb
) = gijE
i
aE
j
b .
Furthermore, Lie brackets of vector fields (4) are presented as follows:


(1) [ δ¯
δ¯xa
, δ¯
δ¯xb
] = (
δ¯Ei
b
δ¯xa
− δ¯E
i
a
δ¯xb
) δ
δxi
+ EiaE
j
bR
k
ij
∂
∂yk
,
(2) [ δ¯
δ¯xa
, ∂¯
∂¯yb
] = (
δ¯Ek
b
δ¯xa
+ EiaE
j
bG
k
ij)
∂
∂yk
− ∂¯E
i
a
∂¯yb
δ
δxi
,
(3) [ ∂¯
∂¯ya
, ∂¯
∂¯yb
] = (
∂¯Ei
b
∂¯ya
− ∂¯E
i
a
∂¯yb
) ∂
∂yi
,
(4) [ δ¯
δ¯xa
, ξ] = −(EiaG
j
i + ξ(E
j
a))
δ
δxj
+Eiay
jRkij
∂
∂yk
,
(5) [ ∂¯
∂¯ya
, ξ] = δ¯
δ¯xa
− (ξ(Eja) + EiaG
j
i )
∂
∂yj
,
(6) [ δ¯
δ¯xa
, L] = −L(Eia)
δ
δxi
,
(7) [ ∂¯
∂¯ya
, L] = ∂¯
∂¯ya
− L(Eia)
∂
∂yi
,
(8) [ξ, ξ] = [L,L] = [ξ, L] + ξ = 0.
(6)
Consider local vector fields δ¯
δ¯xa
, ∂¯
∂¯ya
and ξ and sasaki metric G (5) then the
local components of Levi-Civita connection ∇ given by:
{
2G(∇XY,Z) = XG(Y,Z) + Y G(X,Z) − ZG(X,Y )
−G([X,Z], Y )−G([Y,Z],X) +G([X,Y ], Z)
(7)
5
are as follows:

∇ δ¯
δ¯xa
δ¯
δ¯xb
= (Γeab +
δ¯E
j
b
δ¯xa
Ekdgjkg
de) δ¯
δ¯xe
+ (−geab +
1
2R
e
ab)
∂¯
∂¯ye
+ 12F 2 R¯abξ,
∇ δ¯
δ¯xa
∂¯
∂¯yb
=
(
1
2E
j
bE
k
dE
i
a(
δgjk
δxi
−Ghikghj +G
h
ijghk) +
δ¯E
j
b
δ¯xa
Ekdgjk
)
gde ∂¯
∂¯ye
+(geab −
1
2Rbadg
de) δ¯
δ¯xe
+ 1
2F 2
Rabξ,
∇ ∂¯
∂¯yb
δ¯
δ¯xa
= (geab −
1
2Rbadg
de + ∂¯E
i
a
∂¯yb
Ekdgikg
de) δ¯
δ¯xe
+ 1
F 2
(12Rab − gab)ξ
+12E
i
aE
j
bE
k
d (
δgjk
δxi
−Ghikghj −G
h
ijghk)g
de ∂¯
∂¯ye
,
∇ ∂¯
∂¯ya
∂¯
∂¯yb
= 12E
i
aE
j
bE
k
d (G
h
ikghj +G
h
jkghi −
δgij
δxk
)gde δ¯
δ¯xe
+(geab +
∂¯E
j
b
∂¯ya
Ekdgkjg
de) ∂¯
∂¯ye
− 1
F 2
gabL,
∇ δ¯
δ¯xa
ξ = 12 R¯dag
de δ¯
δ¯xe
− 12Radg
de ∂¯
∂¯ye
,
∇ξ
δ¯
δ¯xa
= (ξ(Eia)E
k
dgik + E
i
aG
h
i ghkE
k
d +
1
2R¯da)g
de δ¯
δ¯xe
+ 12Radg
de ∂¯
∂¯ye
,
∇ ∂¯
∂¯ya
ξ = (δea −
1
2Radg
de) δ¯
δ¯xe
,
∇ξ
∂¯
∂¯ya
= −12Radg
de δ¯
δ¯xe
+ (ξ(Eia)gik + E
i
aG
j
i gjk)E
k
dg
de ∂¯
∂¯ye
,
∇ δ¯
δ¯xa
L = ∇L
δ¯
δ¯xa
− L(Eia)E
k
dgikg
de δ¯
δ¯xe
= 0,
∇ ∂¯
∂¯ya
L− ∂¯
∂¯ya
= ∇L
∂¯
∂¯ya
− L(Eia)E
k
dgikg
de ∂¯
∂¯ye
= 0,
∇ξξ = ∇ξL = ∇Lξ − ξ = ∇LL− L = 0.
(8)
where
gcab = gabdg
dc =
1
2
EiaE
j
bE
k
dgijkg
dc , Γcab = E
i
aE
j
bE
k
dΓ
h
ijghkg
dc (9)
Rcab = Rdabg
dc = EiaE
j
bE
k
dR
h
ijghkg
dc,
R¯ab = (
δ¯Ei
b
δ¯xa
− δ¯E
i
a
δ¯xb
)gijy
j , Rab = E
i
aE
j
bRij
and, (gab) is the inverse matrix of (gab).
Suppose that the Levi-Civita connection and metric on indicatrix bundle
are denoted by ∇¯ and G¯, respectively, which G¯ is the restriction of metric
G. To compute the components of Levi-Civita connection ∇¯ on indicatrix
bundle IM from (8), the Guass Formula [7]:
∇XY = ∇¯XY +H(X,Y ) (10)
where H is the second fundamental form of IM in TM is needed. From (8),
it is obvious that ∇ is tangent to IM for all combinations of δ¯
δ¯xa
, ξ and ∂¯
∂¯ya
except ∇ ∂¯
∂¯ya
∂¯
∂¯yb
. Therefore, ∇¯ is equal to ∇ for the other combinations of
δ¯
δ¯xa
, ξ and ∂¯
∂¯ya
by using the Gauss formula (10).
The curvature tensor R of∇ defined byR(X,Y )Z = ∇X∇Y Z−∇Y∇XZ−
∇[X,Y ]Z is related to the curvature tensor R¯ of ∇¯ as follows:


R( δ¯
δ¯xa
, δ¯
δ¯xb
) ∂¯
∂¯yc
= R¯( δ¯
δ¯xa
, δ¯
δ¯xb
) ∂¯
∂¯yc
+ 1
F 2
RcabL
R( δ¯
δ¯xa
, ∂¯
∂¯yb
) δ¯
δ¯xc
= R¯( δ¯
δ¯xa
, ∂¯
∂¯yb
) δ¯
δ¯xc
+ 1
2F 2
(Rbac − 2gabc)L
R( ∂¯
∂¯ya
, ∂¯
∂¯yb
) ∂¯
∂¯yc
= R¯( ∂¯
∂¯ya
, ∂¯
∂¯yb
) ∂¯
∂¯yc
− 1
F 2
gbc
∂¯
∂¯ya
+ 1
F 2
gac
∂¯
∂¯yb
R( δ¯
δ¯xa
, ∂¯
∂¯yb
) ∂¯
∂¯yc
= R¯( δ¯
δ¯xa
, ∂¯
∂¯yb
) ∂¯
∂¯yc
+ 12E
i
cE
j
bE
k
a(G
h
ikghj +G
h
jkghi −
δgij
δxk
)L
R( δ¯
δ¯xa
, ∂¯
∂¯yb
)ξ = R¯( δ¯
δ¯xa
, ∂¯
∂¯yb
)ξ − 1
2F 2
RabL
R( ∂¯
∂¯ya
, ξ) δ¯
δ¯xb
= R¯( ∂¯
∂¯ya
, ξ) δ¯
δ¯xb
− 1
2F 2
RabL
R( δ¯
δ¯xa
, ξ) ∂¯
∂¯yb
= R¯( δ¯
δ¯xa
, ξ) ∂¯
∂¯yb
− 1
F 2
RabL
(11)
For the other combinations of δ¯
δ¯xa
, ∂¯
∂¯ya
and ξ, tensor fields R and R¯ are
equal.
4 Foliations on (TM,G)
In this section, the local frame (4) on TM is used to study some properties
of natural foliations on tangent bundle of a Finsler manifold. In [5], a
comprehensive study was done on six foliations of TM presented as follows:
1. L: vertical Liouville vector field.
2. ξ: horizontal Liouville vector field.
3. L⊕ ξ.
4. V TM : defined by V TM =< ∂
∂y1
, . . . , ∂
∂yn
>.
5. V ′TM : defined in (3).
6. V ⊥TM : which is perpendicular to L in TTM with respect to the
metric G.
A. Bejancu, in [5], studied the properties of these foliations such as totally
geodesic and bundle-like for sasaki metric G. Here, some more theorems are
proved of these foliations about these properties by help of the frame which
it was introduced in Section 3.
Corollary 4.1. The sasaki lifted metric G is bundle-like for foliation
V ⊥TM .
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Proof. By help of (8), it is obtained that:
G(∇LL+∇LL,X) = 0 ∀X ∈ Γ(V
⊥TM)
and this completes the proof.
Theorem 4.1. The metric G is bundle-like for foliation V ′TM if and only
if (M,g) is a Riemannian manifold.
Proof. From (8), it is a straightforward calculation to obtain:
G(∇XY +∇YX,
∂¯
∂¯yc
) = 0 ∀c ∈ {1, . . . , n− 1},X, Y ∈ Γ(HTM ⊕ L)
except G(∇ δ¯
δ¯xa
δ¯
δ¯xb
+ ∇ δ¯
δ¯xb
δ¯
δ¯xa
, ∂¯
∂¯yb
) which is equal to −2gabc. Therefore, G
is bundle-like for foliation V ′TM if and only if gabc = 0, and it leads to
gijk = 0 by definition gabc in (9). This completes the proof.
Theorem 4.2. The foliations V ′TM and V ⊥TM are not totally geodesic
with respect to the Levi-Civita connection of Riemannian metric G on TM .
Proof. From (8), it is obtained that: H( ∂¯
∂¯ya
, ∂¯
∂¯yb
) = − 1
F 2
gabL for both foli-
ations V ′TM and V ⊥TM , which it cannot be vanish. This completes the
proof.
Corollary 4.2. The metric G for foliations L and L⊕ ξ cannot be bundle-
like.
Proof. From (8), it is obtained that:
G(∇ ∂¯
∂¯ya
∂¯
∂¯yb
+∇ ∂¯
∂¯yb
∂¯
∂¯ya
, L) = −2gab
Therefore, gab = 0 is a necessary condition to G be bundle-like for L or
L⊕ ξ, which it is impossible.
5 Sasakian Structure and Indicatrix Bundle of a
Finsler Manifold
Now, let (M¯ , ϕ¯, η¯, ξ¯, g¯) be a contact metric manifold defined in [6]. In [4],
the new connection ∇˜ was presented on the contact metric manifold M¯ as
follows:
∇˜XY = ∇XY − η¯(X)∇Y ξ¯ − η¯(Y )∇X ξ¯ + g¯(X, ϕ¯Y )ξ¯ +
1
2
(Lξ¯ g¯)(X,Y )ξ¯
8
where ∇ is Levi-Civita connection of Riemannian metric g¯. It was proved
in [4] that the contact metric manifold M¯ is a Sasakain manifold if and only
if
(∇˜X ϕ¯)Y = 0 ∀X,Y ∈ Γ(TM¯) (12)
Since the indicatrix bundle has the contact metric structure in Finslerian
manifolds by Proposition 4.1 in [3], here it is tried to find an answer to the
question that ”Can the indicatrix bundle with contact structure given in (2)
be a Sasakian manifold?”. First, the following Lemma is proved in order to
reduce the number of calculations. To answer this question, the followings
are needed:
Lemma 1. If (M¯ , ϕ¯, η¯, ξ¯, g¯) be a contact metric manifold with contact dis-
tribution D¯, then M¯ is Sasakian manifold if and only if:
(∇˜X ϕ¯)Y = 0 ∀X,Y ∈ Γ(D¯)
Proof. For all X¯ ∈ Γ(TM¯), they can be written in the form X + f ξ¯ where
X ∈ ΓD¯ and f ∈ C∞(M¯ ). Therefore:
(∇˜X¯ ϕ¯)Y¯ = (∇˜X+fξ¯ϕ¯)(Y + hξ¯) = (∇˜X ϕ¯)Y + (∇˜fξ¯ϕ¯)Y + (∇˜X ϕ¯)hξ¯
+(∇˜fξ¯ϕ¯)hξ¯ = (∇˜X ϕ¯)Y + f(∇˜ξ¯ϕ¯Y − ϕ¯∇˜ξ¯Y ) + ∇˜X ϕ¯(hξ¯)− ϕ¯(∇˜Xhξ¯)
+f(∇˜ξ¯ϕ¯hξ¯ − ϕ¯∇˜ξ¯hξ¯) = (∇˜X ϕ¯)Y
The lemma is proved using Theorem 3.2 in [4] and the last equation.
Now, the following Theorem can be expressed:
Theorem 5.1. Let (M,F ) be a Finsler manifold. Then, indicatrix bundle
IM with its natural contact structure given in (2) can never be a Sasakian
manifold.
Proof. From lemma 1 and local frame (4), IM is a Sasakian manifold if and
only if:
(∇˜ δ¯
δ¯xa
ϕ)
δ¯
δ¯xb
= (∇˜ δ¯
δ¯xa
ϕ)
∂¯
∂¯yb
= (∇˜ ∂¯
∂¯ya
ϕ)
δ¯
δ¯xb
= (∇˜ ∂¯
∂¯ye
ϕ)
∂¯
∂¯yb
= 0
Using (8), one of the components in above equations where it must be zero
is gab which it is impossible and shows that the indicatrix bundle cannot
have a Sasakian structure on contact structure given in (2).
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Another proof for Theorem 5.1
The following argument was presented in Chapter 6 of [6]. We consider
TM = IM ×R for the Finslerian manifold (M,F ) and introduce the almost
complex structure J¯ by means of ϕ defined in (2) as follows:
J¯(X + fL) = ϕ(X) − fξ + η(X)L
where X is a vector field tangent to indicatrix bundle and ξ, η were defined
in Section 2. Using a straight calculation, it can be seen that J¯ is equal to
J defined in (1). The contact structure (ϕ, η, ξ) will be a Sasakian structure
if and only if (ϕ, η, ξ) is normal, that is, J¯ (or J) is integrable. Integrability
of J¯ (or J) is equivalent to vanishing the following equations
NJ(
δ
δxi
,
δ
δxj
) = −NJ(
∂
∂yi
,
∂
∂yj
) = −Rijk
∂
∂yk
NJ(
δ
δxi
,
∂
∂yj
) = −Rkij
δ
δxk
Therefore, J¯ (or J) is integrable if and only if M is a flat manifold. Up
to now, it can be shown that IM is Sasakian if and only if M is flat. Fur-
thermore, it was proved that ξ is a killing vector field if IM be a Sasakian
manifold [6]. Therefore, M has constant curvature 1 using Theorem 3.4
in [5] and it is a contradiction to the previous result which shows that M is
flat if IM is a Sasakian manifold. ✷
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